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There are 10 problems in this test. Note that you should write down detailed steps for the solution to each

problem; otherwise, no credits for that problem will be given.

1. [10%] In how many ways can we distribute nine identical white balls into three distinct buckets so

- that the third bucket has an even number of balls in it?

2. [10%] Among the 800 three-digital integers (from 200 to 999) those such as 222, 363, 505, 989, where
the integer is the same whether it is read from left to right or from right to left, are called palindromes.
Without actually determining all of these three-digital palindromes, what is the sum of them?

3. [10%] Prove that the number of primes is infinite.

4. [10%] If we can guarantee that @ and b are relatively prime, there exists an inverse of a under modulo
b as a™* (mod b). How can we find out a~* using Fuclidean algorithm? (Hint: If ¢ is the greatest
common divisor of @ and b, there exists a linear equation, 3x,y such that ax + by = ¢.)

5. [10%] How many three-factor unordered factorizations, where each factor is greater than 1, are there
for 389,2987

6. FEach of the following functions f:Z X Z — Z is a closed binary operation on Z. Determine in each
case whether f is commutative and/or associative?

(@ [5%] f(x,y) =7x + 17y — 119xy
() [5%] f(x,¥) = x**7 +y

7. Let A ={3,5,9,11,13,17}. How many symmetric relations on A contain exactly
(a) [5%] three ordered pairs?

(b) [5%] six ordered pairs?

8. [10%] In how many ways can 2800 identical books be divided, in packages of 50, among 5 student
groups so that each group get at least 200, but not more than 600 of the books?

9. [10%] Solve the recurrence relation, a,,, +a, =0,n=0,0;=1,a; =5.

10. [10%] Solve the recurrence relation, ., — 8ap4q +15a, =0,n = 0,a9 = 1,a; =6 by the
method of generating functions.
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