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There are 8 problems in this test. Note that you should write down detailed steps for the solution to each
problem; otherwise, no credits for that problem will be given.

Ln

[10%] Let S be a set of seven positive integers the maximum of which is at most 21. Prove that the
sums of the elements in all the nonempty subsets of S cannot all be distinct.

[10%] Construct a state diagram for a finite state machine with [ = 0 = {0,1} that recognizes all
strings in the language {0,1}*{11} U {0,1}*{01}.

[10%] Let n € Z* withn > 1, and let 4 be the set of positive integer divisors of z. Define the relation
R on 4 by xRy if x (exactly) divides y. Determine how many ordered pairs are in the relation R when

nis 6680.

[10%] Let n be a (fixed) positive integer, withn = 5. If 1 <t < BJ, how many palindromes of » start

with 17

If a 26-digital ternary (0,1,2) sequence is randomly generated, what is the probability that:
(a) [10%] It has an even number of 0’s and an even number of 2°s?
(b) [10%] It has an odd number of 0’s, an odd number of 1’s, and an even number of 2’s.

(a) [10%] Forn = 1, let a, count the number of binary strings of length », where there are no

consecutive 0°s. Find and solve a recurrence relation for a,,.
(b) [10%] Forn = 1, let b, count the number of binary strings of length n, where there are no

consecutive 1°s and the last bit of the string is 0. Find and solve a recurrence relation for b,,.

[10%] If a first case of COVID-19 is recorded in a country, let p,, denote the probability that a least
one case is reported during the nth week after the first recorded case in case that the percentage of the
population that has received at least two doses of the COVID-19 vaccine achieves 70%. The country

records provide evidence that p, = p,_1 — (0.3)p,_,, where n = 2. Since p, = 0 and p; = 1, if the
first case (of a new outbreak) is recorded on December 27, 2019, when did the probability for the

occurrence of a new case decrease to less than 0.01 for the first time?

[10%] How many ways are there to place 20 marbles of the same size in six distinct jars if each marble
is a different color?
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